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Three-dimensional x-ray tomography is performed to investigate the internal structure and its evolution of a
crumpled aluminum foil ball. The upper and lower bounds of the internal geometric fractal dimension are
determined, which increase with the compression. Contrary to the simulation results, we find that the mass
distribution changes from being inhomogeneous to uniform. Corroborated with the evidence from previous
experiments, these findings support the physical picture that the elastic property precedes the plastic one at
dominating the deformation and mechanical response for all crumpled structures. We show that the interior of
a crumpled ball at the plastic regime can be mapped to the compact packing of a granular system.
DOI: 10.1103/PhysRevE.80.066114 PACS numbers: 62.20.F, 46.32.x, 42.30.Wb, 89.75.Fb
I. INTRODUCTION
Crumpling is a common but complicated process that oc-
curs in many occasions and at all length scales. It is more
complex in sheets than wires 1 because the former devel-
ops a unique cone structure. Although much has been learned
from studying the mechanism of a single cone 2,3, the
collective behavior of vertices is still an open field. The main
difficulty lies in the treatment of topological constraint that
they cannot cross each other. The first aim of this paper is to
acquire three-dimensional 3D images of this exotic self-
organized crumpled structure. The conventional process to
achieve this purpose is to unfold and profile the topography
of its surface via which the probability of different ridge
length was found to obey the log-normal distribution at large
scale and a power law at small scale 4. However, so far
there is no systematic study on the evolution and statistical
properties of its labyrinthine interior without destroying the
crumpled ball.
Another interesting property is the scaling relation pro-
posed by Nelson and Kantor 5, who predicted the value of
dimension D appearing in RR0
2/D where R0 and R are the
initial size and final radius of the crumpled ball. The devel-
opment of this theory has relied mainly on computer simu-
lations over the years. First, Vliegenthart and Gompper 6
studied the elastic sheet and extended the scaling relation to








where K0 and  are the two-dimensional Young’s modulus
and bending rigidity, and the exponents  and  are believed
to be universal and material independent. More recently,
Tallinen et al. 7 included plasticity but still found this scal-
ing relation to remain intact. Furthermore, Åström et al. 8
reported a divergence in F when the volume fraction of the
sample is around 0.75, at which point the elastic behavior
turns out to be similar to that of a granular media. In the last
decade, scientists have performed many experiments to de-
termine the dimension D of elastic and plastoelastic
crumpled structures 9–12. Most were based on the scaling
relation in Eq. 1 to give this dimension as a function of the
two universal exponents 9,10. The fractal dimension is be-
lieved to be material dependent but, otherwise, is universal
for the external force and different initial size, thickness, and
final radius of the sample.
Care needs to be taken when comparing D with the inter-
nal geometric fractal dimension Dm which has been a useful
quantity to characterize many cluster-assembled structures
and the surface of corrugated thin films with self-affine mor-
phology 13. For all classic fractals, such as Menger sponge,
Sierpinski triangle and carpet, Koch snowflake, etc., the
equality of Dm and D is obvious from construction. However,
this is no longer the case for a crumpled ball because the
value D is dependent on the folding condition. For example,
it is obvious that D=2 when the ratio R /R0 is held fixed. On
the other hand, the value of D becomes 2 / 1+2−3 if we
use the same force according to the scaling relation in Eq.
1, as opposed to D=2 / 1+2− under the same pressure
PF /R2. Furthermore, a folded ball of rubber sheet will
completely unfold itself after the confining force is with-
drawn, while a paper or cloth ball only increases slightly. So
the dimension D should also depend on the strain relaxation
rate.
Balankin et al. 10 were the first to measure Dm for a
crumpled ball. Employing the method proposed by Miya-
zima and Stanley 14, they pierced a needle threaded by a
silk string along the diameter of the crumpled paper ball and
studying the number of intersections as a function of the
sheet size. However, this method is not only limited to a
small R0 /R, but also requires unfolding of the crumpled ball.
Therefore, a nondestructive method that can see through the
crumpled ball with sufficient resolution to describe the exact
location of thin sheets is highly desired. Normal destructive
approach, such as cutting the ball in half to expose the cross
section, is not only affected by possible alteration of the
detailed structure, but also limited severely by the number of
planes one can expose and therefore reduces the possibility
to reconstruct 3D structures. X-ray microtomography is cer-
tainly the experimental tool of choice to meet these two de-
manding requirements simultaneously. With standard tomog-
raphy reconstruction algorithm, such as filtered back
projection, x-ray micrographs can be reconstructed to estab-
lish a high fidelity 3D model of the crumpled ball which
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allows detailed examination and extraction of quantitative
parameters of the system.
II. EXPERIMENTS
We use aluminum foils as our sample, which are of the
same thickness 16 m but different radius R0 mm=3, 4,
4.5, 5, 6, 6.5, 7, 8, 9, and 10. They are randomly folded into
a ball of same final radius R=1.5 mm. Such a dimension is
already difficult to be examined by other methods, and hard-
x-ray with photon energy higher than 10 keV is required. To
precisely describe the crumpled geometry of the foil with a
spacing between adjacent sheets on the order of microns,
high image resolution and precision of specimen placement
are essential.
In order not to sacrifice too much resolution, the sample is
limited to 555 mm3 for the x-ray tomography. This
makes the preparation of sample by pressure chamber 15
unrealistic. After several tries, we eventually settled by mim-
icking the method first employed by Balankin et al. 9;
namely, use a flat tip conventional tweezer to squeeze while
rotating the sample. The method is believed to produce reli-
able and reproducible data.
Under the limitation of beam time, we judge that it is
more preferable to invest it on samples with different param-
eters. Many anomalous properties have been revealed in the
literature, which were sensitive to the compaction R /R0 of
the sample. For instance, there was a two-stage transition
folding-crumpling transition in the intermediate range of
compaction around 0.23 16. Furthermore, a jamming tran-
sition was found when the sample reached the highly com-
pact state. Therefore, a detailed scan of different compac-
tions can be informative.
We employ a special version of x-ray microtomography
system based on the high intensity x ray from synchrotron
17. Such systems provide a standard resolution between
1–2 m which shows clear reconstructed images for our
analysis. The experiment is performed at the 01A beamline
of the National Synchrotron Radiation Research Center
Hsinchu, Taiwan. The beamline provides unmonochromatic
x rays whose energy distribution is 8–15 keV. Image acqui-
sition time per projection is about 10 ms, which is captured
by a charge coupled device CCD with 2 optical lens fo-
cused on a CdWO4 single crystal scintillator. The resulted
reconstruction consists of a data matrix of 12001200
1200 pixels with a pixel size 3 m. Higher resolution
image can be obtained by transmission x-ray microscopy
which has recently achieved a resolution of 30 nm 18.
However, the high resolution comes with a trade off with
reducing specimen size.
III. DATA RECONSTRUCTION
The tomography reconstruction is done with interpolation
on pixels which is not covered during the rotation. It is there-
fore important to acquire enough number of projections ex-
perimentally to perform the reconstruction. However, the ex-
perimental system, the aluminum foil here, is quite simple
and its thickness can be assumed not to change during the
compaction, then the interpolation is not likely to create a
problem during the filtered-back projection methods for re-
construction. There are quite a few more algorithms scien-
tists use to get the tomography reconstruction, but we believe
that they do not affect the result in this case. The only pos-
sible problem is that, due to the resolution limit, if the foil
wrinkled with scale smaller than the resolution then the re-
construction will not be able to reproduce it and that could
affect the numerical analysis. This has been checked by
opening the foil and confirming that there was no small scale
distortion.
In image segmentation, the conventional thresholding is
an essential and widely used method to spot the object pixel
and convert grayscale images into binary ones. Despite its
simplicity, the only tunable parameter, the threshold value,
constrains the precision of the method. Inevitably, some use-
ful information is erased during this thresholding of the raw
data. To minimize the loss, the original images are converted
into 1-bit units through the fill tracing process 19, which
makes use of vectorizing to trace out the interface between
the object and the background. To be rid of the tiny areas due
to noise and dusts, see Fig. 1, minimum area is set at 20
pixels to filter out the invalid tracing. Although this method
cannot distinguish two paths when they are in contact, it
provides a sufficient quality to the information for our analy-
sis. All data matrices are reconstructed again after the pre-
liminary analysis has been processed. Sample pictures are
shown in Fig. 2.
The reason why the thresholding is required is that the
imaging process in the experiment does not give the absolute
grayscale. Every projection is composed of dark noises from
CCD, electronic noise, etc., background noises from the
optical elements such as the x-ray windows, scintillators,
lens imperfections, etc., and other effects. Therefore, it is
hard to get the absolute density. For example, in principle we
FIG. 1. A slice of raw images reconstructed from 1000 projec-
tions for R0=10 mm and R=1.5 mm. Before segmentation, two
kinds of reconstructed artifacts are present. The glisterns are caused
by the strong refraction and diffraction of incident x ray from alu-
minum facets when they are aligned to the incident beam within a
certain value. The ring artifacts are due to the defects on the detec-
tor screen and insufficient background normalization. Both kinds of
noise can be reduced significantly by the fill tracing method.
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should be able to extract the absorption coefficient of alumi-
num from the image grayscale comparing to air, but that is
normally not reliable unless a large calibration is done. In
this case, we do not care about the absolute value and our
case becomes practically a 1-bit system. The only reason to
perform thresholding is to eliminate noise and artifacts from
the reconstruction and more subtly the phase contrast effect,
such as those lines tangential to the edge of the object. The
danger of thresholding is the elimination of small details like
those wrinkles. One can answer this concern by blowing up
the reconstructed image and show the effect of different
thresholding and its effect on image.
IV. INTERNAL GEOMETRIC FRACTAL DIMENSION
In the work by Balankin et al. 10, they found the exter-
nal structures of balls folded from different papers to be
characterized by the same fractal dimension Dm; i.e., Dm ap-
peared to be independent of the mechanical and geometrical
properties of paper sheet. Furthermore, they noted that this
dimension was numerically close to the value of D expected
from numerical simulations for the set of phantom sheets
folded under a fixed force instead of a fixed pressure. From
this observation they speculated that the empirical relation
between force and ball diameter in Eq. 1 was valid not only
for sheets of different size R0, but also for force distribution
within the folded ball. However, the ratio R0 /R in their ex-
periments is relatively small so that the excluded volume
effect is not significant. When the ball is compressed further,
differences may show up between the self-avoiding paper
and the phantom sheets.
With the high fidelity 3D model established from the re-
constructed x-ray micrographs, we can examine the interior
of the crumpled ball directly and noninvasively. All the quan-
titative parameters can be extracted and handily processed.
Furthermore, the compactness of the ball is no longer con-
strained by the ability to penetrate it by a needle. The proce-
dure we adopt first is the box-counting method to cal-
culate the Minkowski-Bouligand MB dimension, Db
−lim	b→0log Nb	b / log 	b, which is considered to set
the upper bound for the fractal dimension Dm. In Fig. 3, the
number of occupied boxes, Nb, decays with the box size, 	b,
in a power-law fashion, and the slopes of these solid lines are
the MB dimension. In the meantime, we also calculate the
density-density correlation to determine the correlation di-
mension to set the lower bound for Dm. The correlation
dimension is defined as Dc−lim	c→0log C	c / log 	c
where the correlation function C	c counts the number of
pairs i , j with length si , j
	c. From the right inset in Fig.
3, we find that both MB and correlation dimensions grow as
the compaction R /R0 decreases, which requires the value of
Dm they enclose to exhibit the same trend. Although we can-
not determine the exponent  for the force-size relation due
to the lack of knowledge of how much force was employed
through the tweezer, the fractal dimension D associated with
the mass-size relation is trivially infinity because we kept the
final size of different crumpled balls uniform.
V. MASS DISTRIBUTION
In the crumpling of an elastic wire, the mass-size relation
has been studied and compared to the Flory’s theory for
polymers 20–22. Adopting Flory’s free-energy expression,
it was found that the bending and exclusion energies domi-
nate the system rather than the entropy 20. This is equiva-
lent to saying that the crumpling is a deterministic process
and all the uncertainties of the final configuration are attrib-
uted to the fluctuation and imperfection during the compres-
sion.
An extensive investigation of the mass distribution is
done to reveal how the individual mass relaxes locally and
globally throughout the assembling. A simple coarse-grained
method is first adopted to calculate the mass density distri-
bution. After the radius of gyration, Rg
global
=rmax, is deter-
mined, we measure the density along the radial direction and
average over azimuthal angles. This simple method, how-
ever, suffers from possible interference from the deviation of
the sample from a perfect sphere. To remedy this defect, we
employ another more detailed investigation in which the ra-





determined by the final vanishing of particles within an in-
terval of solid angle. We divide the whole sample into 20
3610 pieces along the radial, azimuthal, and tilting
angles, respectively. After all the masses have been accumu-
lated in each piece, it is divided by the volume of the piece to
give the corresponding density, . In contrast to a homog-
enous distribution, this second method detects a linear pro-
portionality for low compaction R /R0 sample; see Fig. 4.
In the inset of Fig. 4, the slope m=d /dRg
loc decreases as
R /R0 shrinks. In other words, the mass tends to accumulate
near the crust initially but eventually shifts homogeneously
to the core. This trend as well as that of the fractal dimension
FIG. 2. Color online Sequence photos of the reconstructed cross section of crumpled samples. The compactions R /R0 of a, b, c,
and d are 0.38, 0.30, 0.19, and 0.15, respectively. As the compaction decreases, more vertices are induced and more locally aligned
structures appear.
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points to the physical picture that elastic and plastic defor-
mations dominate at separate stages during the crumpling.
This is contrast to the crumpled elastic wires 20 for which
there is no second homogeneous stage. Lin et al. 15 have
performed 3D crumpling experiment and measured the num-
ber of layers and vertices. They found that these two forma-
tions dominate at different stages. In the beginning, layers
are created in abundance by the folding. The distribution of
facet size is wide, which results in a nonuniform mass dis-
tribution. As the ball size decreases, it becomes difficult to
generate new layers. Further compression now only serves to
bulk the existing layers and induce the permanent or plastic
deformations such as the ridges and vertices. The small facet
size that characterizes this stage contributes to a more uni-
form mass distribution. This porous yet compact packing re-
sembles that of a granular media. This analogy has been put
forward by Åström et al. 8 except that our transition is



























































FIG. 3. Color online The occupied number of boxes is plotted as a function of box size in a log-log scale. Its slope can be readily read
off as the MB dimension. Together with the correlation dimension, they are shown in the right inset for different compaction R /R0. These
two dimensions set the upper and lower bounds for the fractal dimension. We estimate it to increase roughly from 2.2 to 2.8 as larger sheets
are used to achieve lower compactions. The left inset is a log-log plot of R versus R0 according to the scaling relation of Eq. 1. The slope
of different lines is adopted from the experimental values in the right inset. To examine the reproducibility of the measurement, a represen-
tative error bar in the inset is drawn for R /R0=0.17 from three more samples. The crumpled ball at this ratio just crossed the loose-packing
regime into the compact one. The smallness of error justifies the reliability of our data.
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FIG. 4. Color online The mass density distribution for four different compactions R /R0 is plotted as a function of the radial length. The
inset shows the slope of the main plot. The density is divided by R0 rather than R0
2 for clarity. As the compaction decreases, the influence
gradually propagates to the interior and causes the mass density distribution to approach homogeneity. The slope with compaction above 0.43
is small because the sample has not entered the crumpling regime and remains as a sheet. The error bar in the inset is drawn for R /R0
=0.17 from three more samples.
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VI. DISCUSSIONS
The calculations for both the fractal dimension and den-
sity exponent involve statistical averaging over the bulk of
samples. The fact that each crumpled sheet exhibits thou-
sands upon thousands of vertices convinces us that it has
gone through numerous stochastic processes. According to
the central limit theorem, the random errors they create will
have cancelled each other considerably and reached rather
accurate properties. Similar practice can be found in Ref.
23.
Microscopically, we can imagine the thin sheet as a net-
work of triangular meshes consisting of springs such as the
tethered membrane model by Kantor et al. 5. In the early
stage, the strain is below the threshold of plastic deformation
and so most springs still obey the Hook’s stress-strain rela-
tion. The correlation length of the material fully extends and
exhibits the same property as an elastic sheet. Only when the
volume fraction is high will the springs enter the plastic re-
gime and render the correlation length extremely short. This
causes the gradual transition into a structure which is porous
and yet homogenous in mass distribution similar to the
granular packing 8.
The volume fraction is estimated to be about 0.45 when
the compaction R /R0 equals 0.15 which means that more
than half of the interior is still filled with air. This volume
fraction is much smaller than the fcc packing, 0.74, and the
resistance divergence point, 0.75, in elastic sheets 8. One
question arises: how does this structure derive its incredible
resistance from such an inefficient packing compared to the
granular system? One reason is that the system is constantly
trapped in metastable states 9,24 due to the non-Markovian
nature of the process. Another conceivable answer is from
the material science. It is known in mechanical engineering
that a beam buckles under an axial load when its length
exceeds 50–200 times of its thickness 25. For a shorter
beam, the deformation switches from the bending modulus to
the normally much-larger Young’s modulus. In other words,
each material has an intrinsic minimum size of facet, below
which it takes an enormously large stress. We believe this
causes the poor packing of the hollow polyhedrons sur-
rounded by these facets inside the crumpled structure. The
surprising thing is that, rather than complicating the struc-
ture, the plasticity enables the interior to reach a higher frac-
tal dimension and more homogeneous packing, both of
which contribute to its high mechanical resistance.
VII. CONCLUSIONS AND OUTLOOK
By employing the x-ray microtomography, we find that
the mass distribution inside the aluminum ball is inhomoge-
neous at low volume fraction and with a fractal dimension
slightly larger than 2. We call this the loose-packing regime.
This is reminiscent of the same inhomogeneity observed in
the wire crumpling system 1,21,20 which is without the
plasticity. As we compress the ball further, it enters the
compact-packing regime where the fractal dimension in-
creases to 2.8 and the mass distribution becomes homoge-
neous. This finding implies that, with the shrinkage of ball
size, the sheet runs out of room to generate new layers and
thus can only start to buckle. When the strain exceeds the
yield point, this creates a sudden surge of ridges and vertices
15 which mark out many separate facets whose size gets
smaller as their number increases under further compression.
The homogeneous mass distribution and strong resistance of
this configuration are analogous to those of granular packing
as suggested by previous simulation 8.
There was a serious debate on whether the scaling law
holds for real materials. Imaging different materials would
be an exciting outlook. The reason we focused on the alumi-
num foil was due to its stability. Other materials, such as
HDPE, Mylar, and paper, all exhibit a slow swelling relax-
ation 26. This phenomenon ruins the 3D image reconstruc-
tion during the long period of imaging, which takes up more
than 3 h. Adhesive or some smart way to confine the sample
without introducing further noises may be the future direc-
tion to overcome this obstacle.
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